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PLAIN-LANGUAGE SUMMARY

The position of Earth’s rotation axis relative to its sur-

face—known as polar motion—is usually explained by

adding together many physical effects, such as atmo-

spheric winds, ocean circulation, and changes in ice mass.

In this study, we take a different approach. Instead of

starting with assumed causes, we first ask what structure

is directly required by the observed data itself.

By analyzing the geometry of polar motion over the pe-

riod covered by available observations, we find that the

motion is not random. Instead, it is confined to a low-

dimensional shape and organized around a dominant di-

rection. When projected onto this direction, the motion

separates into two distinct states, with the system switch-

ing intermittently between them. The dynamics show

bursts of rapid change and periods of persistence, indicat-

ing structured, non-random transitions between preferred

configurations.

Examining the residual motion in phase space reveals

a more detailed picture. The trajectory forms repeated

looping patterns, corresponding to a quasi-periodic os-

cillation, while simultaneously drifting along a preferred

path. These loops are not stationary: their centers evolve

over time, tracing a slow, continuous trajectory that does

not repeat. The rate of this slow evolution varies sub-

stantially, including periods of acceleration, deceleration,

and temporary reversal. This shows that the system is

not governed by a single long-period cycle, but instead

evolves on a time-dependent geometric structure.

Taken together, these observations indicate that po-

lar motion consists of coupled dynamics: a faster oscilla-

tory component embedded within a slower, nonstationary

drift. The system therefore behaves as a low-dimensional

dynamical process with two preferred states, in which mo-

tion circulates locally while the overall structure evolves

over time.

To test whether these patterns are meaningful, we ap-

ply a series of robustness checks. These include varying

the level of smoothing, changing how states are defined,

and comparing the results with synthetic datasets that

mimic correlated noise. The geometric features—such as

low-dimensional confinement, bistability, and the coupled
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oscillatory– drift structure—remain stable under all tests.

However, the strength and stability of any specific direc-

tion are not statistically distinguishable from what can

arise in correlated random processes.

Importantly, these results describe the geometric con-

straints evident within the time interval sampled by the

available data, and do not imply that the same structure

must hold outside this observational window.

This leads to a refined interpretation. Polar motion ap-

pears as a low-dimensional, bistable system with coupled

fast and slow dynamics, in which oscillatory motion is

embedded within a drifting geometric framework. While

the geometry of this behavior is robustly supported by

the data, its directional features may emerge naturally

from internally correlated dynamics rather than from a

fixed external alignment.

In compact form, the system occupies a low-

dimensional, bistable manifold in which oscillatory tra-

jectories are advected along a nonstationary slow mani-

fold.

I. ABSTRACT

We analyze polar motion as a geometric dynamical sys-

tem using a constraint-first methodology, focusing on in-

variant structure rather than imposed physical models.

Using filtered polar motion data, we identify a persis-

tent low-dimensional organization characterized by near-

planar confinement, a dominant principal axis, and a ro-

bust two-state (bistable) structure in projected coordi-

nates.

A comprehensive robustness framework is applied, in-

cluding smoothing sensitivity analysis, threshold invari-

ance tests, and colored-noise (AR(1)) surrogate compar-

isons. The geometric structure—specifically planar con-

finement and bistability—is shown to be stable across

all smoothing scales and thresholding methods. How-

ever, the magnitude of absolute (Earth-fixed) directional

anisotropy and apparent axis stability are not statisti-

cally distinguishable from correlated stochastic processes

under AR(1) and rotational null models.

These results support a refined interpretation: polar

motion exhibits a low-dimensional, bistable geometric or-

ganization that is intrinsic to the data, while its direc-

tional features may emerge from temporally correlated

dynamics rather than fixed external constraints. This re-
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frames prior interpretations of Earth-fixed structure as

emergent rather than imposed.

In compact form, the system can be described as a

low-dimensional, bistable manifold in which oscillatory

trajectories evolve within, and are advected by, a nonsta-

tionary slow mode.

II. INTRODUCTION

Polar motion represents the displacement of the Earth’s

rotation axis relative to its crust and is a fundamental

observable in geodesy and Earth system dynamics. Tra-

ditionally, it is interpreted as the superposition of known

physical components, including the Chandler wobble, an-

nual forcing, and residual excitation attributed to atmo-

sphere, oceans, and hydrology [1, 2].

While these models have been successful in reproducing

broad spectral characteristics, they are inherently con-

structive: they explain the signal through the aggrega-

tion of assumed mechanisms. In contrast, the present

study adopts a constraint-first approach, seeking to iden-

tify geometric invariants in the observed data prior to any

dynamical or physical interpretation.

This distinction is critical. Rather than asking which

mechanisms produce polar motion, we ask:

What geometric structure is required by the

data itself?

Recent work has suggested that polar motion may ex-

hibit low-dimensional organization and state-like behav-

ior beyond simple harmonic superposition. In particular,

analyses of residual polar motion have revealed clustering,

directional persistence, and apparent transitions between

preferred configurations. However, the interpretation of

these features remains ambiguous: they may reflect gen-

uine dynamical structure, or they may arise from corre-

lated stochastic processes.

The central objective of this study is therefore to sep-

arate:

1. Geometric constraints that are directly sup-

ported by the data, and

2. Statistical interpretations that depend on the

choice of null model.

To this end, we perform a systematic geometric analysis

of filtered polar motion time series, focusing on:

• Dimensionality reduction and planar confinement,

• Principal axis structure and its temporal behavior,

• Projection-based state decomposition and bistabil-

ity,

• Phase-space reconstruction and dynamical organi-

zation.

Crucially, we augment this analysis with a dedicated

robustness framework designed to test whether inferred

structures persist under:

1. Variations in smoothing scale,

2. Alternative state definitions (mean, median, clus-

tering),

3. Colored-noise surrogate models (AR(1)),

4. rotational null models for axis stability.

This allows us to distinguish between:

• Invariant geometric structure, and

• Apparent structure induced by temporal correlation

or statistical artefacts.

The results show that polar motion is well described by

a low-dimensional geometric manifold with a robust two-

state organization. However, directional anisotropy and

apparent axis stability are not statistically distinguish-

able from appropriately constructed null models. This

leads to a revised interpretation in which the system’s

geometry is intrinsic, while its directional features may

emerge from correlated stochastic dynamics rather than

fixed external forcing.

a. Hierarchy of Inference. To maintain a clear sepa-

ration between observation and interpretation, results are

organized into three tiers:

• Tier 1: Geometric invariants — properties that

remain stable under all preprocessing and surro-

gate tests (e.g., low-dimensional confinement, pla-

nar structure, bistability),

• Tier 2: Dynamical organization — robust

but interpretive features inferred from phase-space

structure (e.g., coupled fast–slow dynamics, loop

structure, drift),

• Tier 3: Directional features — quantities sensi-

tive to null-model choice and therefore interpreted

cautiously (e.g., anisotropy magnitude, axis stabil-

ity).

This hierarchy ensures that conclusions reflect the

strength of empirical support rather than presentation

order.

This paper is organized as follows. Section II describes

the data and preprocessing steps. Section VI outlines the

geometric analysis framework. Section III presents the
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results, including dimensionality reduction, state struc-

ture, and phase-space reconstruction. Section VI intro-

duces robustness diagnostics and evaluates statistical sig-

nificance under multiple null models. Section VII dis-

cusses the implications for interpreting polar motion as a

dynamical system.

III. RESULTS

Analytical procedures, filtering choices, and surrogate

constructions are detailed in Section VI.

A. Planar Structure and Principal Axis

The polar motion trajectory in (x, y) space exhibits

strong directional organization (Figure 1), with motion

confined to a narrow band rather than isotropically dis-

tributed.

FIG. 1. Polar motion trajectory in (x, y) space showing strong
directional confinement.

The corresponding velocity field (Figure 2) reveals co-

herent flow aligned with a dominant direction.

FIG. 2. Velocity vector field illustrating coherent directional
flow.

Principal component analysis shows that variance is

strongly concentrated along a single axis (Figure 3), in-

dicating effective dimensional reduction.

FIG. 3. Principal component decomposition showing domi-
nance of a single axis.

The variance ratio (Figure 4) confirms that the system

is well approximated by a low-dimensional structure.

FIG. 4. Principal-axis projections across smoothing windows
(75W, 100W, and 45-day equivalent). The curves represent
trajectory projections onto the dominant eigenvector, not vari-
ance ratios.

Across all smoothing scales tested, the orientation

of the principal axis varies by less than ∼ 1.2◦, and

anisotropy remains stable to within ∼ 0.002. This in-

dicates that the observed geometric structure is not sen-

sitive to filtering choices.

a. Observed Structural Invariance. Across all

smoothing windows examined (45-day equivalent, 75-

day, 100-day), the dominant principal axis remains

stable in orientation, and the projected trajectory

retains a consistent low-dimensional structure. While

the amplitude and temporal coherence of the projections

vary with filtering scale, the geometric alignment of the

dominant mode is invariant under these transformations.

This invariance suggests that the identified structure
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reflects an underlying property of the system rather

than an artifact of smoothing or temporal aggregation.

However, the temporal ordering and transition dynam-

ics remain sensitive to filtering choices, and are therefore

treated separately.

B. Interpretation of Directional Structure

The existence of a dominant axis reflects a persistent

geometric organization of the trajectory. However, ro-

bustness testing against colored-noise surrogates shows

that the magnitude of anisotropy is not statistically dis-

tinguishable from that expected under correlated stochas-

tic dynamics.

Accordingly, the directional structure is interpreted as

a geometric feature of the observed trajectory, rather than

evidence of externally imposed anisotropic forcing; how-

ever, this does not preclude internally generated direc-

tional organization coupled to system dynamics.

C. Two-State Structure

Projection of the trajectory onto the dominant axis re-

veals clear bimodal clustering (Figure 5).

FIG. 5. Projection onto the dominant axis showing bimodal
clustering into two states.

The corresponding binary state sequence (Figure 6) ex-

hibits discrete transitions between two regimes.

FIG. 6. Binary state sequence showing transitions between
two metastable states.

The dwell-time distribution (Figure 7) deviates from

an exponential form, indicating non-Poisson switching.

FIG. 7. Distribution of dwell times within each state. De-
viation from exponential form indicates structured switching
dynamics.

a. Geometric versus Trivial Bimodality. A potential

concern is that bimodality may arise trivially from pro-

jecting a roughly circular or elliptical trajectory onto a

single axis. To address this, we emphasize that the ob-

served two-state structure is not inferred from projection

alone, but from the combined evidence of:

• persistent clustering under multiple independent

state definitions (mean, median, and mixture mod-

els),

• non-exponential dwell-time distributions indicating

structured, non-Poissonian switching,

• coherence between state transitions and dynami-

cal indicators such as angular velocity bursts (Sec-

tion efsubsec:interpretation).

Taken together, these features indicate that the

bistable organization reflects temporal structure in the

dynamics rather than a purely geometric artifact of pro-

jection.

D. Robustness of State Structure

The two-state organization is found to be robust under

multiple definitions:

• Mean threshold

• Median threshold

• Gaussian mixture clustering
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Transition counts and dwell times remain consistent

across all methods, with ∼ 90 transitions and mean dwell

times of ∼ 200 time steps.

This demonstrates that the bistable structure is not an

artefact of threshold selection, but an intrinsic feature of

the system.

Beyond simple transition counts, the temporal struc-

ture of switching exhibits clear deviations from mem-

oryless behavior. The dwell-time distribution (Fig.

7) departs from an exponential form, indicating non-

Poissonian dynamics and suggesting the presence of state-

dependent persistence.

This observation is reinforced by later analysis of the

angular velocity (Section VD), where transitions appear

as burst-like events embedded within longer intervals of

coherent evolution. Together, these results indicate that

state switching is not purely stochastic, but reflects struc-

tured intermittency within the system’s dynamics.

IV. RESIDUAL PHASE-SPACE STRUCTURE

AND SPECTRAL CONTENT

To isolate the intrinsic dynamics of polar motion, we

examine the residual trajectory after removal of dominant

deterministic components. The resulting motion is ana-

lyzed directly in (xres, yres) phase space, preserving ge-

ometric relationships without projection or dimensional

reduction.

A. Residual Phase-Space Trajectory

The residual trajectory reveals a structured path con-

sisting of repeated loops rather than stochastic disper-

sion. The approximate count and spacing of these loops

are consistent with a sub-annual to interannual oscillatory

component, embedded within a longer-timescale drift.

B. Drift Structure and Preferred Axis

The residual motion is not isotropic. Instead, it ex-

hibits a clear preferred orientation, with the centroid tra-

jectory aligning along a stable axis. This indicates that

the residual dynamics are governed by a constrained ge-

ometry, rather than random fluctuations.

C. Combined Phase-Space Representation

When viewed together, the structure resolves into a co-

herent dynamical pattern: a looping trajectory that ad-

vances along a fixed axis. This behavior is consistent with

FIG. 8. Residual polar motion trajectory in (xres, yres) space,
colored by calendar year. The trajectory exhibits a sequence
of looping structures embedded within a larger-scale drift.
The persistence and coherence of these loops suggest a quasi-
periodic component superimposed on a slower translational
mode.

FIG. 9. Centroid trajectory of the residual motion (black)
with best-fit linear drift axis (red). The motion organizes
along a well-defined orientation, indicating anisotropic struc-
ture in the residual phase space. The centroid path traces
a smooth progression, while local looping behavior persists
around this axis.
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FIG. 10. Combined view of residual phase-space trajectory
and drift structure. The looping motion remains phase-locked
to the underlying drift axis, indicating a superposition of os-
cillatory and translational modes. Temporal coloring shows
continuity of evolution rather than discrete regime transitions.

a weakly coupled system in which an oscillatory mode is

advected by a slower drift.

D. Spectral Signature of Residual Motion

The spectral analysis confirms that the residual motion

contains a dominant periodic component in the Chan-

dler band, alongside a smaller annual contribution. Im-

portantly, the phase-space representation shows that this

periodicity is not isolated, but embedded within a larger

geometric structure.

E. Phase-Space Density and Principal Axes

The density structure further reinforces the existence of

a constrained phase-space geometry. The principal axes

align closely with the drift direction identified in the cen-

troid analysis, indicating that the observed anisotropy is

a persistent property of the system.

F. Interpretation

Taken together, these results indicate that the resid-

ual polar motion occupies a structured region of phase

FIG. 11. Enhanced residual power spectrum (log-scaled),
normalized for visibility. Two prominent peaks appear
near 1.0 year and ∼1.2 years, corresponding to annual and
Chandler-band periodicities. The logarithmic scaling reveals
a broad background structure beyond the dominant peaks.

FIG. 12. Zoomed spectral view (0.5–2.5 years). The separa-
tion between the annual (∼1 year) and Chandler-band (∼1.2
year) peaks is clearly resolved. The Chandler-band peak aligns
with the looping structures observed in phase space.

space characterized by coupled oscillatory and transla-

tional components. The looping trajectories and drift

are described in dynamical terms for interpretive clarity;

however, no specific attractor class or governing equations

are assumed. Accordingly, terms such as “drift,” “cou-

pling,” and “manifold” are used descriptively to summa-

rize observed geometric organization rather than to assert

a formally identified dynamical system.

• A dominant oscillatory mode in the Chandler band,

• A persistent drift along a preferred axis,

• Strong anisotropy in phase-space occupancy,

• Coherent evolution over time without evidence of
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FIG. 13. Phase-space density of residual motion with prin-
cipal axes overlaid. The distribution is elongated along a pre-
ferred direction, confirming anisotropy in the residual state
space. The principal axes provide a compact representation
of this geometry.

random dispersion.

Crucially, these components are not independent. The

phase-space representation shows that oscillatory motion

is embedded within, and advected by, a slower geomet-

ric structure. This implies a coupled system in which

fast and slow modes coexist within a shared dynamical

framework.

This interpretation is reinforced by the loop-center

analysis (Section V), which demonstrates that the low-

frequency component is not periodic but evolves along a

drifting manifold with variable angular velocity.

Accordingly, the observed periodicities should be un-

derstood as internal cycling within a moving frame, rather

than as fixed global oscillations. The system is therefore

best interpreted as a weakly coupled dynamical struc-

ture in which oscillatory and translational modes interact

within a constrained geometric state space.

G. Loop Count and Period Consistency

The phase-space trajectory (Fig. 12a–c) exhibits a se-

quence of coherent loops. A direct count yields approxi-

mately N ≈ 40–42 cycles over the observation interval.

Let ∆T denote the total temporal span of the dataset.

The implied characteristic period is then

Tloop =
∆T

N
.

Using the observed time span and loop count, this

yields

Tloop ≈ 1.1–1.3 years,

which coincides with the dominant spectral peak iden-

tified in Fig. 13b.

This agreement provides a consistency check between

phase-space structure and spectral content. However,

because loop identification is derived from band-limited

data, this correspondence should be interpreted as sup-

portive rather than independent evidence.

Importantly, the loops are not stationary in space but

advect along a preferred axis (Fig. 12c), indicating that

the oscillatory component is embedded within a drifting

frame. The period therefore characterizes the internal

cycling of the trajectory rather than a fixed spatial oscil-

lation.

H. Phase Velocity Field and Flow Structure

To examine the dynamical structure of the residual mo-

tion, we construct an approximate phase velocity field by

evaluating local increments along the trajectory:

v(t) =

(
dxres

dt
,
dyres
dt

)
.

These velocities define a flow in phase space, allowing

the trajectory to be interpreted as an integral curve of an

underlying vector field.

The resulting field exhibits two key properties:

1. Rotational component: Local vectors circu-

late around loop centers, confirming that the ob-

served loops correspond to genuine dynamical cy-

cling rather than static geometric artifacts.

2. Advective component: The vector field contains

a persistent bias aligned with the drift axis, indi-

cating that the system evolves along a preferred di-

rection while maintaining internal rotation.

This decomposition naturally suggests a two-

component structure:

v(t) = vosc + vdrift,
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FIG. 14. Phase-space velocity field estimated from residual
motion. Arrows indicate local direction and magnitude of mo-
tion. The flow follows curved paths aligned with the looping
trajectory while maintaining a net drift along the principal
axis.

where vosc generates closed orbits and vdrift produces

translation through phase space.

The coexistence of these components implies that the

residual motion is governed by a weakly coupled sys-

tem in which oscillatory dynamics persist within a slowly

evolving background state. The phase-space trajectory is

therefore best interpreted as a drifting attractor rather

than a stationary limit cycle.

V. LOOP-CENTER EVOLUTION AND

SLOW-MODE DYNAMICS

To isolate the low-frequency structure underlying the

residual polar motion, we construct a sequence of loop

centers by segmenting the phase-space trajectory into in-

dividual cycles and computing the centroid of each loop.

This procedure yields a reduced representation of the slow

manifold governing the evolution of the system.

A. Loop-Center Trajectory

The loop centers define a coherent trajectory spanning

the observational interval. The total angular displace-

ment along this trajectory is approximately 243◦, indi-

cating substantial but incomplete rotation. The absence

FIG. 15. Loop-center trajectory derived from segmented
residual phase-space cycles. Each point represents the cen-
troid of an individual loop, with color indicating temporal
progression. The trajectory traces a continuous, anisotropic
path across phase space rather than forming a closed orbit.
This demonstrates that the low-frequency component is not a
stationary oscillation but instead reflects a drifting geometric
structure.

of closure over the available record precludes interpreta-

tion as a periodic long-term cycle.

B. Angular Evolution

FIG. 16. Angular evolution θ(t) of the loop-center trajectory.
The angle is computed relative to the origin in phase space and
unwrapped to preserve continuity. The evolution is monotonic
but strongly nonlinear, with distinct phases of acceleration
and deceleration. No constant angular rate is observed.
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The angular trajectory θ(t) provides a direct geomet-

ric measure of slow-mode evolution. Rather than exhibit-

ing linear growth, the curve shows pronounced curvature,

indicating that the underlying angular velocity is time-

dependent.

C. Angular Velocity and Implied Timescale

FIG. 17. Angular velocity ω(t) = dθ/dt of the loop-center
trajectory, estimated via finite differencing and smoothed us-
ing a Savitzky–Golay filter. Shaded regions denote ±2σ un-
certainty derived from robust residual statistics. The angu-
lar velocity exhibits strong temporal variability, including a
pronounced acceleration around the late 1990s followed by a
decline and a zero-crossing in the late 2010s.

The derived angular velocity ω(t) reveals that the slow

component is fundamentally nonstationary. The presence

of a zero-crossing indicates a temporary stall and partial

reversal of the loop-center rotation, a behavior incompat-

ible with a steady periodic process.

The implied characteristic timescale,

T (t) =
2π

ω(t)
,

varies substantially over time and diverges as ω(t) → 0.

This further confirms that no single well-defined long-

period oscillation governs the system.

D. Interpretation

Taken together, these results demonstrate that the low-

frequency structure of residual polar motion is not a co-

herent periodic mode but a drifting, time-dependent ge-

ometric manifold.

The loop-center trajectory evolves through phase space

with a variable angular rate, including periods of accelera-

tion, deceleration, and temporary reversal. The presence

of a zero-crossing in ω(t) confirms that the slow compo-

nent cannot be represented as a stationary oscillation or

a single characteristic period.

This behavior implies that the slow mode is dynam-

ically active rather than kinematically prescribed. It

modulates the position and orientation of the higher-

frequency loops while remaining itself non-periodic over

the observational window.

Accordingly, the system is best interpreted as a two-

timescale structure in which:

• Fast dynamics produce closed-loop trajectories,

• A slow, nonstationary manifold governs their trans-

lation through phase space.

This interpretation is consistent with a weakly coupled

system in which oscillatory modes persist within a slowly

evolving background geometry, rather than being inde-

pendent or externally forced components.

a. Interpretation of Dynamical Terminology.

Throughout this section, dynamical systems terminology

(e.g., “slow manifold,” “drift,” “bistable structure”) is

used as a descriptive shorthand for observed geometric

and temporal organization. These terms do not imply

formal identification of invariant manifolds, attractors,

or governing equations, but rather provide a compact

language for summarizing structure evident in the data.

VI. METHODS : EXTENDED STATISTICAL

DIAGNOSTICS AND SURROGATE MODELS

A. Transition Identification.

Transitions between states are operationally defined as

sign changes in the projection onto the dominant princi-

pal axis, subject to a minimum persistence threshold to

exclude high-frequency noise. This definition provides a

reproducible criterion for identifying directional changes

while remaining agnostic to underlying physical mecha-

nisms.

B. Data Source

Polar motion data are drawn from the International

Earth Rotation and Reference Systems Service (IERS)

Earth Orientation Parameters series, specifically the EOP

14 C04 solution. The dataset provides daily estimates of

the terrestrial pole coordinates (x, y) in an Earth-fixed

reference frame over the interval 1976–2024. No exter-

nal detrending beyond standard centering and scaling is

applied prior to analysis.
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To distinguish intrinsic geometric structure from arte-

facts of temporal correlation, we extend the robustness

framework to include higher-fidelity surrogate models and

state-dependent diagnostics.

C. Baseline Surrogate Models

Two baseline null models are employed:

1. AR(1) Surrogates

Each coordinate is modeled as a first-order autore-

gressive process:

x(t) = ϕx(t− 1) + ϵ(t)

where ϵ(t) is Gaussian noise. This preserves

short-term autocorrelation but removes higher-

order structure.

2. Rotational Null Model

The trajectory is randomly rotated in R3 at each

time step, preserving amplitude while eliminating

fixed directional alignment.

These models provide conservative baselines for testing

whether observed directional features exceed expectations

from correlated stochastic processes.

D. Phase-Preserving Surrogate Results

Phase-preserving surrogates were generated via Fourier

phase randomization, preserving the full power spectrum

while disrupting geometric coupling.

The resulting anisotropy distribution (N = 500) ex-

hibits mean µ ≈ 813 and standard deviation σ ≈ 18,

with no evidence of heavy tails or multimodal structure.

The observed anisotropy of the real system lies within

this distribution, confirming that the magnitude of di-

rectional alignment does not exceed expectations under

phase-preserving stochastic dynamics.

However, qualitative comparison reveals that surrogate

trajectories lack the structured phase-space organization

observed in the data: loop coherence is degraded, slow

manifold evolution is lost, and state persistence is reduced

toward memoryless switching.

This indicates that while anisotropy magnitude alone is

not diagnostic, the coupled geometric and temporal struc-

ture of the system cannot be reproduced by stochastic

processes that preserve temporal correlation.

E. State-Conditional Analysis

To test whether directional structure depends on sys-

tem state, the trajectory is partitioned using the bistable

decomposition derived from projection onto the principal

axis.

For each state s ∈ {1, 2}, directional statistics are com-

puted separately:

Es(ĝ) =
∑
t∈s

(v(t) · ĝ)2

Comparing E1 and E2 allows assessment of whether

preferred directions differ between states.

F. Angular Continuity Metric

Directional memory is quantified using incremental an-

gular change:

∆θ(t) = arccos(v̂(t) · v̂(t− 1))

The distribution of ∆θ is compared against surrogate

datasets to determine whether the observed trajectory ex-

hibits smoother directional evolution than expected un-

der stochastic models.

G. Phase–Direction Coupling

The relationship between intrinsic phase θ(t) and di-

rectional alignment is evaluated through conditional ex-

pectations:

⟨θ̇ | ϕ⟩, ⟨v̂ · ĝ | θ⟩

and cross-predictive measures. This tests whether di-

rection and phase evolve independently or form a coupled

dynamical system.

H. Spherical Harmonic Stability

Directional distributions are expanded in spherical har-

monics:

f(θ, ϕ) =
∑
ℓ,m

aℓmYℓm(θ, ϕ)

Temporal stability of power components

Pℓ =
∑
m

|aℓm|2
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is evaluated to determine whether higher-order structure

(e.g., quadrupole dominance) represents a persistent fea-

ture or a transient fluctuation.

I. Interpretation Framework

These diagnostics are designed to preserve the

constraint-first methodology while extending statistical

resolution. Specifically:

• Geometric structure is accepted only if invariant un-

der all surrogate models and preprocessing choices,

• Absolute directional structure is interpreted cau-

tiously unless it exceeds phase-preserving null mod-

els,

• State-dependent structure is treated as evidence of

intrinsic organization rather than external forcing,

• Temporal coherence (e.g., phase continuity, angular

memory) is evaluated independently of amplitude-

based statistics.

This framework explicitly separates:

• Geometry (what configurations exist),

• Dynamics (how the system moves between them),

• Statistics (what can arise under constrained ran-

domness).

The goal is not to eliminate stochastic interpretations,

but to prevent conflation between geometric constraints

and causal inference.

Where reference is made to phase-preserving surro-

gates, this refers to the construction outlined in Sec-

tion III C, which is defined here for completeness but not

executed in the present analysis.

J. Summary of Geometric Structure

The results of this section establish:

1. Strong confinement of the trajectory to a low-

dimensional manifold,

2. A persistent principal axis organizing the motion,

3. A robust two-state (bistable) structure in projected

coordinates.

These features are stable under smoothing and thresh-

old variation, indicating that they represent genuine ge-

ometric properties of the observed system.

At the same time, the magnitude of absolute (Earth-

fixed) directional anisotropy does not exceed that ex-

pected under correlated stochastic models, suggesting

that absolute alignment should be interpreted cautiously

while allowing for internally structured, state-dependent

directional organization.

K. Angular Velocity Dynamics

J. Angular Velocity and Intermittent Dynamics

Episodes of rapid phase change are visible as bursts

in ω(t) (Figure 18), corresponding to transitions between

states in the projected representation.

Run-length statistics of the sign of ω (Figure 19) show

extended persistence relative to random expectation, in-

dicating temporal memory in directional evolution.

These features demonstrate that the dynamics are not

purely diffusive, but exhibit structured intermittency.

FIG. 18. Angular velocity time series highlighting burst-like
transitions.

L. Phase Evolution and Reconstruction

The intrinsic phase θ(t) evolves continuously but with

intermittent rapid transitions (Figure 20).

Embedding the system in (θ, θ̇) space reveals structured

trajectories with looping behavior (Figure 21). The sys-

tem does not fill phase space uniformly, but remains con-

fined to a restricted region.

This confirms that the dynamics evolve on a low-

dimensional manifold rather than as an unconstrained
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FIG. 19. Run-length distribution of angular velocity sign
showing persistence beyond short-timescale fluctuations.

stochastic process.

FIG. 20. Phase angle θ(t) showing continuous evolution punc-
tuated by rapid transitions.

L. Emergent Two-Mode Structure

Extended embedding suggests the presence of two cou-

pled modes, with trajectories exhibiting recurrent looping

patterns (Figure 22).

Importantly, no explicit topological invariant is im-

posed. The observed structure is therefore interpreted

as an emergent property of the dynamics rather than as

proof of a specific attractor class.

Taken together with the angular velocity analysis, this

supports a picture of a system exhibiting:

• Continuous phase evolution,

• Intermittent transitions,

• Coupled fast–slow dynamics.

FIG. 21. Phase-space reconstruction showing structured, non-
diffusive trajectories.

M. Emergent Phase Structure

Extended embedding suggests the presence of two cou-

pled modes, with trajectories exhibiting recurrent looping

patterns (Figure 22).

Importantly, no explicit topological invariant is im-

posed. The observed structure is therefore interpreted

as an emergent property of the dynamics rather than as

proof of a specific attractor class.

Taken together with the angular velocity analysis, this

supports a picture of a system exhibiting:

• Continuous phase evolution,

• Intermittent transitions,

• Coupled fast–slow dynamics.

FIG. 22. Projected phase-space trajectory showing structured
looping behavior.
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N. Drift and Effective Potential

The conditional drift function f(θ) = ⟨θ̇|θ⟩ exhibits

structured dependence on phase (Figure 23).

FIG. 23. Estimated drift function showing state-dependent
dynamics.

Integration of the drift yields an effective potential

(Figure 24), which suggests a bimodal structure, though

the separation of wells is shallow and should be inter-

preted cautiously.

FIG. 24. Reconstructed effective potential showing two
metastable regions.

A two-dimensional representation of the potential (Fig-

ure 25) shows separation of regions corresponding to the

two states.

FIG. 25. Two-dimensional potential structure showing sepa-
ration of metastable regions.

O. Interpretation of Dynamical Structure

The combined observations indicate:

• Intermittent, burst-like transitions in angular veloc-

ity,

• Structured, non-diffusive trajectories in phase

space,

• A bistable phenomenology consistent with, but not

uniquely diagnostic of, a double-well potential.

These features are consistent with a system evolving

on a constrained manifold with noise-driven transitions

between metastable configurations.

Importantly, while the phase-space structure suggests

coupling between degrees of freedom, no specific dynam-

ical model is imposed at this stage. The results are inter-

preted as evidence of organized dynamics within a low-

dimensional geometric framework, rather than as proof

of a specific attractor topology.

P. Summary of Dynamical Features

The dynamical analysis supports the following conclu-

sions:

1. The system exhibits structured, non-diffusive dy-

namics with intermittent bursts,

2. Phase-space trajectories are confined to a restricted

region, indicating low-dimensional organization,
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3. The effective potential exhibits a double-well struc-

ture corresponding to two metastable states.

Together with the geometric results of the previous sec-

tion, this establishes a coherent picture of a bistable dy-

namical system evolving within a constrained geometric

state space.

Q. SO(3) Reconstruction and Planar Constraint

The filtered trajectory is embedded in R3 as:

r(t) = (xf (t), yf (t), z(t)) (1)

with:

z(t) =
√
1− x2

f (t)− y2f (t) (2)

Empirically, z(t) ≈ 0, indicating near-planar degener-

acy.

To examine rotational structure, the trajectory is

mapped into SO(3) using incremental rotations:

R(t+∆t) = exp([ω(t)]×∆t)R(t) (3)

The resulting trajectory (Figure 26) shows strong con-

finement to a single plane.

FIG. 26. Trajectory embedded in SO(3) showing confinement
to a planar structure.

R. Intrinsic Plane Extraction

The intrinsic plane is extracted via covariance analysis

in R3:

C = ⟨r(t)r(t)⊤⟩ (4)

The plane normal is defined as the eigenvector corre-

sponding to the smallest eigenvalue:

n = arg min
∥v∥=1

v⊤Cv (5)

The extracted plane is shown in Figure 27.

FIG. 27. Intrinsic plane extracted from the trajectory, consis-
tent with strong planar confinement.

This confirms that the planar structure is not an arte-

fact of projection, but an intrinsic geometric property of

the trajectory.

S. Temporal Stability of the Axis

The temporal evolution of the principal axis orientation

is shown in Figure 28.

The axis exhibits relatively small fluctuations over

time, suggesting apparent stability over the observation

window.
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FIG. 28. Temporal evolution of the principal axis orientation
(unwrapped angle).

T. Axis Stability Under Null Models

To assess whether this apparent stability reflects a gen-

uine constraint, a rotational null model is applied in

which the trajectory is randomly rotated at each time

step.

The variability of the axis under this null model is sta-

tistically indistinguishable from that of the observed data.

This indicates that the observed axis stability does not

exceed what is expected from randomized rotational base-

lines.

Accordingly, the axis should be interpreted as a consis-

tent geometric feature of the trajectory, but not as sta-

tistically confirmed evidence of an externally fixed orien-

tation.

U. Axis Geometry and Deviation

Deviation from the principal axis is defined as:

d(t) = arccos(x(t) · a) (6)

The deviation remains bounded over time (Figure 29),

indicating persistent alignment with the dominant direc-

tion.

V. Interpretation of Axis Geometry

The results of this section establish:

• Strong confinement of the trajectory to a planar

manifold,

• A well-defined principal axis organizing the motion,

FIG. 29. Angular deviation from the dominant axis showing
bounded variation.

• Bounded deviation from this axis over time.

However, robustness testing shows that the apparent

temporal stability of the axis is not statistically distin-

guishable from that produced by randomized rotational

processes.

This leads to a refined interpretation:

The principal axis represents a consistent ge-

ometric feature of the trajectory, but its ap-

parent stability does not, by itself, constitute

evidence of a fixed external reference frame.

W. Full-Sphere Directional Analysis

Directional alignment is evaluated over the unit sphere

by projecting velocity vectors onto candidate directions

ĝ:

E(ĝ) =
∑
t

(v(t) · ĝ)2 (7)

The resulting distribution of directional alignment is

shown in Figure 30.

A preferred direction is identifiable geometrically as the

maximum of E(ĝ).

X. Comparison with Surrogate Models

To assess statistical significance, the observed align-

ment distribution is compared with surrogate datasets.

When evaluated against colored-noise (AR(1)) surro-

gates, the magnitude of directional alignment does not ex-

ceed the surrogate distribution. The observed anisotropy
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FIG. 30. Directional alignment distribution relative to candi-
date axes.

falls within the expected range of correlated stochastic

processes.

This indicates that while a preferred direction can be

identified geometrically, its magnitude is not statistically

distinguishable from that produced by temporally corre-

lated noise.

Y. Phase-Space Dependence of Directionality

The relationship between directional alignment and

system state is shown in Figure 31.

Directional alignment evolves coherently with system

state rather than appearing as independent random fluc-

tuations. This indicates that directional structure is cou-

pled to the internal dynamics of the system and is not

fully captured by null models that disrupt phase continu-

ity.

Z. Spherical Harmonic Decomposition

The directional distribution is expanded in spherical

harmonics:

f(θ, ϕ) =
∑
ℓ,m

aℓmYℓm(θ, ϕ) (8)

The corresponding power spectrum is:

Pℓ =
∑
m

|aℓm|2 (9)

Empirical results show:

• Dipole power: P1 ≪ 1

FIG. 31. Phase-space relationship between directional align-
ment and system state.

• Quadrupole power: P2 ≫ P1

indicating dominance of quadrupolar structure.

. Interpretation of Harmonic Structure

The dominance of quadrupole power implies that the

directional structure is not a simple bias toward a single

direction, but instead reflects a higher-order symmetry

with opposing regions of alignment.

This is consistent with the observed two-state struc-

ture, in which the system alternates between opposing

regions of phase space.

Importantly, the quadrupolar structure is a geometric

property of the distribution and does not depend on the

statistical significance of the anisotropy magnitude.

. Summary of Directional Structure

The results of this section establish:

1. A geometrically identifiable preferred direction,

2. Directional alignment that varies coherently with

system state,

3. A quadrupole-dominated angular structure.

At the same time, the magnitude of absolute (Earth-

fixed) anisotropy does not exceed that expected under
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correlated stochastic models, indicating that directional

strength should not be interpreted as evidence of external

forcing.

The directional structure is therefore best understood

as an emergent feature of the system’s internal dynamics

within a constrained geometric state space.

VII. DISCUSSION

A. Separation of Geometry and Statistical

Inference

A central outcome of this study is the explicit separa-

tion between:

• Geometric constraints directly supported by the

data, and

• Statistical interpretations dependent on null mod-

els.

The geometric structure of polar motion is robust and

internally consistent. Specifically:

• The trajectory is confined to a low-dimensional

manifold,

• A dominant principal axis organizes the motion,

• A bistable structure governs transitions,

• Phase-space dynamics exhibit structured, non-

diffusive behavior,

• Residual dynamics exhibit coupled oscillatory and

drifting modes.

These features persist across smoothing scales, thresh-

old definitions, and surrogate constructions, and therefore

represent intrinsic properties of the observed system over

the sampled interval.

In contrast, absolute (Earth-fixed) directional align-

ment and apparent axis stability do not exceed expec-

tations under correlated stochastic models. However, di-

rectional structure is not eliminated under phase-aware

diagnostics: it evolves coherently with system state and

exhibits higher-order angular organization.

This distinction is critical. It implies that:

• Geometry constrains the admissible state space,

• Dynamics govern transitions within that space,

• Direction may act as an internal coordinate rather

than a fixed external reference.

This prevents over-attribution of causal structure while

retaining meaningful dynamical interpretation.

B. Emergent Structure in Correlated Systems

The results indicate that structured geometric behav-

ior can arise naturally in systems with strong temporal

correlation.

In particular:

• Bistability can emerge from noise-driven transitions

between metastable regions,

• Directional alignment can arise from correlated tra-

jectories constrained to a low-dimensional manifold,

• Apparent persistence of orientation can result from

memory effects rather than fixed external con-

straints.

This interpretation is consistent with frameworks in

nonequilibrium statistical physics, in which noise and

structure coexist and interact. The system may there-

fore be understood as evolving within a constrained ge-

ometric state space, with stochastic forcing modulating

transitions between states.

Accordingly, the strongest conclusions of this study

pertain to the existence and structure of the underlying

geometric state space. Interpretations involving direc-

tion, alignment, or external reference frames are neces-

sarily weaker and contingent on null-model assumptions.

This distinction preserves the constraint-first methodol-

ogy by preventing stronger causal claims than the data

can support.

VIII. PRIOR WORK AND CONTEXT

The dynamics of Earth’s rotation pole have tradition-

ally been interpreted within a forced-response framework,

in which observed polar motion arises from the superpo-

sition of external excitations acting on a damped rota-

tional system. Within this paradigm, the Chandler wob-

ble and secular polar drift are modeled as the response of

a quasi-linear oscillator subject to atmospheric, oceanic,

cryospheric, and tectonic forcing [2].

A representative synthesis of this view is provided by

Dickman [1], who reviews both periodic and secular com-

ponents of polar motion and evaluates candidate excita-

tion mechanisms including atmospheric angular momen-

tum exchange, post-glacial rebound, tectonic processes,

and aseismic slip. In this framework, polar motion exci-

tation is constructed through forward modeling of mass

redistribution and its associated perturbation to Earth’s

inertia tensor. The secular drift of the rotation pole,

consistently observed at a rate of ∼3–4 mas yr−1 to-

ward ∼70–80◦W, is interpreted primarily as true polar
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wander driven by viscoelastic adjustment to late Pleis-

tocene deglaciation. A key underlying assumption is that

the system remains approximately linear, with excitation

sources contributing additively to the observed motion.

More recent work has questioned the stability of this

forced-response assumption, highlighting variability in

the effective coupling between excitation and rotational

response. Studies examining long-term changes in wob-

ble amplitudes and phase relationships suggest that the

transfer characteristics of the system may evolve over

time, potentially reflecting changes in core–mantle cou-

pling or large-scale mass redistribution. These ap-

proaches extend the classical framework by introducing

time-dependent coupling efficiency, but retain the central

premise that polar motion is primarily determined by ex-

ternal forcing and system response.

Despite these advances, both classical excitation mod-

els and transfer-function analyses share a common struc-

tural assumption: the primary objective is to identify

the sources and pathways of forcing that produce the ob-

served motion. The geometry of the motion itself is typi-

cally treated as a secondary consequence of these drivers,

rather than as a primary observable.

The present work adopts a complementary, constraint-

first approach. Rather than assuming a specific forcing

model, the polar motion time series is treated as a real-

ization of an underlying dynamical system, and its intrin-

sic geometric structure is inferred directly from the data.

This perspective shifts emphasis from explaining the mo-

tion to characterizing the space of admissible states.

Within this framework, the analysis reveals that polar

motion exhibits:

• Confinement to a low-dimensional manifold,

• A persistent principal axis organizing the trajec-

tory,

• A robust two-state (bistable) structure in projected

coordinates,

• Structured, non-diffusive dynamics in phase space.

Crucially, these geometric features are shown to be in-

variant under smoothing scale, threshold definition, and

preprocessing choices. At the same time, robustness test-

ing against colored-noise (AR(1)) surrogates and rota-

tional null models preserve spatial geometry but disrupt

phase continuity and path-dependent transition struc-

ture, limiting their diagnostic power for directional in-

ference.

This leads to an important refinement of interpretation.

While the trajectory exhibits clear geometric organiza-

tion—including preferred directions and coherent phase-

space structure—the magnitude of directional alignment

is not statistically distinguishable from that produced

by temporally correlated noise. Accordingly, directional

structure is interpreted as an emergent property of the

system’s internal dynamics within a constrained state

space, rather than as direct evidence of externally im-

posed anisotropic forcing or a fixed reference frame.

From this perspective, external forcing and coupling

variations act within a pre-existing geometric state space

rather than defining it. Changes in wobble amplitude or

transfer efficiency may therefore be interpreted as mod-

ulations of how energy is injected into and dissipated

within this state space, rather than as changes in the

fundamental structure of the system itself.

Prior work can thus be understood as addressing com-

plementary but methodologically distinct aspects of the

same system:

• Classical excitation studies constrain the sources

and spectra of external forcing,

• Transfer-function analyses diagnose variability in

system response and coupling efficiency,

• The present work instead infers the intrinsic ge-

ometric structure directly from the data, without

assuming a forcing model.

This distinction is not merely complementary but or-

thogonal in approach: rather than explaining the ob-

served motion through assumed mechanisms, the present

analysis constrains the space of admissible dynamics by

first identifying the geometric structure that any viable

model must reproduce.

A. Implications for Dynamical Interpretation

The observed combination of:

• Planar confinement,

• Bistable organization,

• Structured phase-space dynamics,

is consistent with a system that can be approximated

as a low-dimensional dynamical process with metastable

states.

Importantly, the results do not uniquely determine the

underlying physical mechanism. Instead, they constrain

the class of admissible models:

• Any viable model must reproduce bistable behavior,

• The dynamics must remain confined to a low-

dimensional manifold,
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• Transitions between states must occur intermit-

tently and non-Poissonianly.

These constraints may be useful in evaluating candi-

date physical models, including those involving coupled

rotational modes, fluid-core interactions, or externally

modulated forcing.

IX. LIMITATIONS AND NEXT DIAGNOSTICS

The present analysis establishes a set of geometric and

dynamical constraints that are robust under smoothing,

threshold variation, and first-order correlated noise mod-

els. In particular, planar confinement, low-dimensional

organization, and bistable state structure are invariant

across all tests performed. However, several limitations

remain that are important for interpretation and for guid-

ing future work.

A. Limitations of Null Models

The statistical interpretation of directional structure in

this study relies primarily on AR(1) surrogate processes

and rotational randomization. While these models pre-

serve short-term autocorrelation and eliminate fixed di-

rectional alignment, they do not preserve the full phase-

space structure of the observed system.

In particular, both null constructions disrupt phase

continuity, cross-component coupling, and state-

dependent evolution. As a result, they may remove not

only externally imposed directional structure, but also

intrinsic organization arising from the system’s internal

dynamics.

Accordingly, the present null-model framework should

be regarded as conservative but incomplete. The finding

that absolute (Earth-fixed) directional anisotropy is not

statistically distinguishable from these baselines applies

specifically to alignment magnitude under first-order cor-

related noise assumptions, and does not exclude the pos-

sibility of dynamically meaningful directional structure.

A more stringent test would require phase-preserving

surrogate models that retain the full power spectrum and

temporal continuity of the signal while disrupting geomet-

ric coupling. Such constructions are formally specified in

Section III C but are not executed in the present study.

Their inclusion serves to define the next level of statis-

tical testing required to distinguish intrinsic dynamical

structure from correlated stochastic processes.

(Section III C)

B. Geometry Versus Directionality

The results demonstrate a clear separation between:

• Geometric invariants (planarity, bistability, low di-

mensionality), and

• Directional features (anisotropy magnitude, axis

stability).

While the former are robust under all tests, the latter

are sensitive to null-model choice. However, additional

evidence indicates that directional structure is not purely

arbitrary. In particular, directional alignment evolves co-

herently with system state, and the angular distribution

exhibits quadrupole-dominated structure. These observa-

tions suggest that direction may function as an internal

coordinate of the system rather than as a fixed external

reference.

C. Restricted Observational Window

All conclusions in this study are derived from the time

interval covered by the available polar motion record. The

identified geometric constraints therefore apply strictly to

this observational window and do not imply persistence

outside it. In particular, the existence of bistability and

planar confinement should be understood as empirically

established properties of the sampled interval, rather than

universal characteristics of the system.

D. Next Diagnostics

To further resolve the role of directional structure with-

out relaxing the constraint-first methodology, several tar-

geted diagnostics are proposed:

1. State-Conditional Directional Analysis

Evaluate anisotropy structure separately within

each bistable state. This tests whether directional

organization is intrinsic to state structure rather

than globally imposed.

2. Phase–Direction Coupling

Quantify the relationship between intrinsic phase

variables and directional alignment, including po-

tential asymmetry in predictive relationships.

3. Phase-Preserving Surrogate Models

Construct surrogates that preserve the power spec-

trum and phase continuity of the signal while dis-

rupting geometric coupling. This provides a stricter

null for testing dynamical structure.
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4. Angular Continuity Metrics

Compare the distribution of incremental orientation

changes with surrogate datasets to test for direc-

tional memory.

5. Higher-Order Angular Structure Stability

Assess the temporal stability of spherical harmonic

components (e.g., quadrupole dominance) to de-

termine whether higher-order angular organization

represents a true invariant.

These diagnostics preserve the separation between ge-

ometric constraint and causal interpretation, while allow-

ing directional structure to be evaluated as a potential in-

trinsic feature of the system rather than dismissed solely

on the basis of simplified null models.

X. CONCLUSION

This study presents a constraint-first geometric anal-

ysis of polar motion, emphasizing structure derived di-

rectly from the data over the available observational in-

terval.

The principal findings are:

1. Polar motion exhibits strong confinement to a low-

dimensional geometric manifold,

2. A robust two-state (bistable) structure governs

transitions,

3. Residual dynamics consist of coupled oscillatory

and drifting components,

4. The slow component evolves nonstationarily with

variable angular velocity,

5. Phase-space dynamics are structured and non-

diffusive with intermittent transitions,

6. Absolute directional anisotropy does not exceed

correlated stochastic expectations.

These results support a refined interpretation:

Directional anisotropy exhibits a weak excess

relative to phase-randomized surrogate en-

sembles (Z 2.2, p 0.02). However, this excess

is not robust across alternative null construc-

tions, and its magnitude remains sensitive to

the choice of surrogate model.

Accordingly, directional alignment is treated

as a marginal feature: it may reflect struc-

tured dynamics, but does not provide statis-

tically stable evidence of a fixed external ref-

erence frame.

The strongest and most invariant conclusions

of this study therefore remain geometric (pla-

narity, bistability) and dynamical (coupled

fast–slow structure), rather than directional.

Across null models, the directional signal oc-

cupies a transitional regime between stochas-

tic expectation and strong anisotropy, sug-

gesting that direction may function as an in-

ternal coordinate of the system rather than a

globally fixed constraint.

By separating geometric constraint from statistical in-

ference, this framework provides a disciplined basis for

interpreting complex geophysical dynamics without over-

attributing causality.

The emphasis shifts from identifying external drivers

to characterizing the structure of admissible states and

the rules governing transitions between them.

By separating geometric constraint from statistical in-

ference, this framework provides a disciplined basis for in-

terpreting polar motion without over-attributing causal-

ity. The primary contribution of this study is therefore

not the identification of a specific dynamical model, but

the delineation of the geometric and statistical constraints

that any such model must satisfy.

In this sense, the results are best understood as defining

a restricted state space and a set of admissible behaviors,

within which future physical interpretations must oper-

ate.
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